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Testing for association between a set of genetic markers and a phenotype is a fundamental
task in genetic studies. Standard approaches for heritability and set testing strongly rely on
parametric models that make speciﬁc assumptions regarding phenotypic variability. Here, we
show that resulting p-values may be inﬂated by up to 15 orders of magnitude, in a heritability
study of methylation measurements, and in a heritability and expression quantitative trait loci
analysis of gene expression proﬁles. We propose FEATHER, a method for fast permutation-
based testing of marker sets and of heritability, which properly controls for false-positive
results. FEATHER eliminated 47% of methylation sites found to be heritable by the para-
metric test, suggesting a substantial inﬂation of false-positive ﬁndings by alternative meth-
ods. Our approach can rapidly identify heritable phenotypes out of millions of phenotypes
acquired via high-throughput technologies, does not suffer from model misspeciﬁcation and
is highly efﬁcient.
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One of the most fundamental problems in genetics istesting whether a particular phenotype is associated witha set of markers. For instance, it is often desired to
understand whether a speciﬁc phenotype is heritable. The herit-
ability of a phenotype is deﬁned as the proportion of the variance
explained by a genetic component. In this example, the set of
single-nucleotide polymorphisms (SNPs) that are tested for
association with the phenotype includes the entire set of SNPs of
the genome; when local heritability is tested, then the set of SNPs
includes the SNPs in particular regions such as chromosomes or
with a particular functional annotation. Furthermore, these var-
iants are often tested against a large number of phenotypes, such
as expression proﬁles of genes1–4, methlyation levels5–8, or neu-
roimaging measurements9,10. A similar notion to heritability has
been tested in other ﬁelds as well, beyond genetics. For example,
in metagenomics, it is a common practice to test for an asso-
ciation between a phenotype and the relative abundance vector
obtained from either shotgun sequencing or targeted 16S
sequencing11. Heritability is commonly studied using the linear
mixed model (LMM); this model is a linear model that implicitly
assume a very small effect for each of the SNPs12.
Naive association testing of single markers may be extremely
underpowered, even in large datasets. The common technique to
address this issue is set testing, which groups together markers
and applies a joint test to them13–16. Set testing is especially
important when analyzing data with rare variants. Rare variants
are becoming widely available, with sequencing costs rapidly
decreasing, resulting in many whole-genome sequencing studies.
Rare variants are particularly important since a large part of
human genetic variation can be explained by these variants.
The success of the LMM depends on the degree to which it ﬁts
the data. For example, the LMM assumes the phenotype follows a
normal distribution. However, phenotypes which are discrete,
multimodal, bounded, truncated, or in general whose residuals,
after adjusting for covariates, do not exhibit normality, might not
be suitable for use with the LMM. The same argument holds for
generalized LMMs (GLMMs), which replace the normality
assumption with other parametric distributions. To mitigate such
issues, one can attempt to pre-process the phenotypic values to
make them as Gaussian as possible (see, e.g.17). However, there is
no guarantee that a sufﬁciently good transformation exists, and
the dependency on the parametric model may not be robust to
other types of model deviations.
Our goal is to develop a practical and globally applicable test
for existence of heritability, which will apply to the test statistic
calculated via the LMM mechanism, whether or not the LMM
assumptions actually ﬁt the data well. Permutation testing is a
non-parametric, assumption-free method for testing the null
hypothesis of sample exchangeability18. Such exchangeability
holds, for example, for any model under which non-heritable
phenotypes are independent and identically distributed across all
individuals, such as the LMM with a constant covariate and zero
heritability. It also holds approximately with general covariates,
under many realistic settings. In such permutation testing, we
repeatedly permute the labels corresponding to each individual in
the phenotype (along with additional covariates), re-estimate the
heritability of each shufﬂed dataset, and compute the proportion
of permutations for which we got a higher heritability value than
the original estimate. This offers an intuitive notion of sig-
niﬁcance, which has little dependency on the underlying dis-
tribution of the phenotype.
Unfortunately, permutation tests are computationally
demanding, requiring the calculation of the test statistic for each
permuted dataset. As a rule of thumb, accurate estimation of p-
values of 1/M requires 100M permutations19. Contemporary QTL
studies3 often carry out hundreds of thousands (or more) of tests,
calling for p-values smaller than, e.g., 0.05/100000 to establish
signiﬁcance after multiple testing correction. Thus, permutation-
based testing of such studies will require on the order of 109
permutations, a formidable task.
Previous works suggest permutation procedures as a way to
calibrate the distribution of a statistic of choice, in the context of
LMMs. For example, permutations are used to calibrate the
likelihood ratio (LR) test statistic, assuming its distribution comes
from a limited family of distributions16 or without such
assumptions20,21. This approach was extended to be used in
association with multiple traits22. A less restrictive permutation
scheme was used in23 to test whether the distribution of survival
endpoints varies among centers in an acute myeloid leukemia
multicentre study, using the LMM for analysis. More generally,
permutation and other nonparameteric bootstrapping schemes
have been used to calibrate various statistics suggested for testing
for a nonzero variance components in GLMMs. In ref.24, an
alternative statistic based on the score test is suggested, with a
corresponding non-permutation-based parametric bootstrap test.
Other works follow a similar permutation procedure to the one
presented in this work, but apply it to a newly suggested T-based
statistic20 or to particular quadratic forms of the phenotype25.
In9, one of the considered permutation tests is similar to ours, but
they do not address computational issues, which limits their
ability to detect small p-values.
In this paper, we study the behavior of the permutation test
compared to the p-values calculated by assuming the parametric
LMM. We analyze methylation measurement proﬁles from the
longitudinal KORA study (Cooperative health research in the
Region of Augsburg), and gene expression proﬁles from the GTEx
project. We show that large discrepancies exist between the two
tests. In particular, p-values from the parametric test are often
much smaller than those obtained from the permutation test. We
show that this likely stems from model mis-speciﬁcation of the
LMM, which suggests a large majority of methylation sites or
expression proﬁles with seemingly signiﬁcant heritability are in
fact false positives, motivating the use of permutation tests.
We then propose a fast method for permutation testing for
heritability and for set testing. To do so, we address two issues.
First, for each permutation, we speed up evaluation by using the
derivative of the likelihood of the permuted phenotype instead of
a full estimation step. Second, we use an efﬁcient p-value eva-
luation procedure26 based on the Stochastic Approximation
Markov Chain Monte Carlo (SAMC) algorithm27,28, which allows
us to estimate the signiﬁcance of a heritability estimate with a
fraction of the number of permutations required by the naive
method. We apply our approach to the KORA dataset, to achieve
a speed up of up to eight orders of magnitude in p-value
calculation.
Results
For a phenotype y, the LMM assumes y=Xβ + g + e, where Xβ
is the contribution of covariates, g  Nð0; σ2gKÞ is the genetic
component of the trait, and e  Nð0; σ2eIÞ is the environmental
component. K is a kinship matrix capturing the genetic related-
ness between individuals in the sample, which can be constructed
in various ways, using genotypes or known familial relations.
Heritability is then deﬁned as h2 ¼ σ2g=ðσ2g þ σ2eÞ. Similarly, the
heritability estimate is h^2 ¼ σ^2g =ðσ^2g þ σ^2e Þ, where σ^2g and σ^2e are
estimates for σ2g and σ
2
e , respectively. These estimates are calcu-
lated using restricted maximum likelihood (REML) estimation
(see Methods).
Under the LMM, the common technique for parametric p-
value calculation (e.g., in the popular GCTA software package29)
is to calculate the generalized likelihood ratio test statistic, and to
ARTICLE NATURE COMMUNICATIONS | DOI: 10.1038/s41467-018-07276-w
2 NATURE COMMUNICATIONS |          (2018) 9:4919 | DOI: 10.1038/s41467-018-07276-w |www.nature.com/naturecommunications
assume it is distributed as a 50:50 mixture of zero and the chi-
square distribution (see Methods). Other distributions are
sometimes used16, as we discuss below. An alternative test,
usually used in the context of set testing, is the score test for
σ2g ¼ 0, used most predominantly as implemented by the
Sequential Kernel Association Test (SKAT)30. The distribution of
the SKAT test statistic is assumed to be a certain weighted mix-
ture of chi-square distributions.
To avoid model mis-speciﬁcation or relying on an asymptotic
distribution of the test statistic, we consider the permutation test.
In the context of heritability, it consists of permuting the phe-
notype, estimating the heritability for each permuted phenotype,
and counting the proportion of permutations for which the
estimate obtained was higher than that of the original phenotype
(see Methods). In practice, we do not enumerate over the entire
set of permutations, but rather sample random permutations
(e.g., N= 1,000,000). This gives us an estimate of the p-value of
the test under the model, for which we can construct accurate
conﬁdence intervals (CIs). One appealing property of the per-
mutation test is that it is an exact test under the assumption that
the true model for the data is invariant to relabeling of indivi-
duals, which holds speciﬁcally if the trait is non-heritable, and
holds approximately when non-constant covariates are used, in a
wide range of settings. For example, if we decide that a p-value of
< 0.001 is our threshold for proclaiming a phenotype as heritable,
then we will falsely label non-heritable phenotypes as heritable
about 0.1% of the time.
Large discrepancies in p-values in a methylation study. We
compared the p-values of the permutation test to the p-values
calculated by assuming the parametric LMM. We analyzed
methylation measurement proﬁles from the longitudinal KORA
study (Cooperative health research in the Region of Augsburg),
which consists of subjects from the general population living in
the region of Augsburg, southern Germany. In this dataset, both
whole-blood methylation levels and genotypes are available for
1799 individuals (see Methods). The phenotype in this study is
the proportion of methylated samples at a speciﬁc site, averaged
across cells. These proportions are often empirically bimodal for a
given site, and their values are bounded between 0 and 1, and
thus it is not clear that an assumption of normality or near-
normality is suitable here.
Several works have studied heritable DNA methylation effects
and the role of such epigenetic variants in disease and genetic
regulation (see, e.g., a recent review5 and references therein). For
example, heritable methylation sites were previously shown6 to be
enriched for open chromatin regions and binding sites of
regulators of transcription and chromatin architecture, and to
be proximal to genes enriched in several known pathways,
suggesting a potential regulatory mechanism through which
genetic variation can affect phenotype.
We calculated the LMM heritability estimates for 431,366
methylation sites, and calculated their p-values using two
methods: The parametric test (using the generalized likelihood
ratio test, e.g., using GCTA) and using a permutation test with
10,000 permutations, using only an intercept covariate (see
Methods). We observed that parametric p-values are often
considerably smaller than the exact p-values obtained by the
permutation test, frequently by several orders of magnitude, and
thus they may incur false-positive ﬁndings (Supplementary
Figure 1)). We re-ran this analysis using age, sex, and smoking
status as covariates, which are commonly used in methylation
studies as known confounders. The results (Fig. 1) show large
discrepancies, showing that it is not a result of lack or addition of
covariates in the analysis.
Applying a Bonferroni threshold of 0.05 ⋅ 1/431, 366 ≈ 10−7, we
further took the 3489 most signiﬁcant sites which passed this
threshold accordingly to GCTA. We then estimated their p-value
using 10,000,000 permutations (Supplementary Figure 2). This
increased accuracy reveals that for many sites, GCTA would
proclaim a site as very signiﬁcant, while permutation testing does
not indicate signiﬁcance. For example, 395 sites have a
permutation p-value of p > 10−4, but a parametric p-value of p
< 10−10. A further inspection of phenotypes displaying such large
discrepancies discovered that it is often the result of the
phenotype taking disparate values for individuals who are
relatively genetically distant from the rest of the sample.
Finally, to check for opposite discrepancies, we took the
6686 sites with permutation p-value of 0/10,000, and calculated
their permutation p-value using the method we present below.
For 81 sites, the permutation p-value as estimated was signiﬁcant
while the parametric was not, indicating that parametric methods
can suffer not only from false-positive results, but also from lack
of power. For most of these sites (62/81 sites, 76%), the
discrepancy was less than 1 order of magnitude smaller, which
can be accounted for by noise in p-value estimation. The
remaining 19 sites showed discrepancies below 2 orders of
magnitude, and 14 of them exhibit a tri-modal behavior. The
results are summarized in Table 1.
Large discrepancies in p-values in a gene expression study. In
order to show the generality of the discrepancy phenomenon, we
analyzed gene expression data in the GTEx dataset (see Methods).
We ﬁrst performed a cis-eQTL study, where for each of 22,171
genes, we created a kinship matrix from the SNPs located within
500 kbps from the gene transcription start site (total window size
of 1 Mbps). For each gene, we used both the parametric and the
permutation tests to test for association between the SNPs in the
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Fig. 1 Discrepancy in p-values in a methylation study. p-values from 10,000
permutations, compared to GCTA p-values assuming asymptotics (in log
scale). Evaluated on 431,366 methylation sites on all autosomal
chromosomes, from the KORA dataset, with 1799 individuals, and with sex,
age, and smoking status as covariates. Sites with h^2 ¼ 0 or with a
parametric p < 10−20 omitted for clarity of presentation, with 99.995%
conﬁdence intervals (CIs) shown. Parametric p-values are often smaller
than the exact p-values obtained by the permutation test, frequently by
several orders of magnitude, resulting in many false positives
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window and the gene expression proﬁle, as measured in whole-
blood samples. We used the same covariates used in the original
GTEx study—namely, the ﬁrst three genotyping principal com-
ponents (PCs), the ﬁrst 15 expression PEER factors (Probabilistic
Estimation of Expression Residuals)31, and sex. Gene expression
proﬁles were quantile-normalized before analysis (see32). As
evident in Fig. 2, despite inclusion of relevant covariates and
careful preprocessing, there still remain signiﬁcant discrepancies
that could be a source of false positives. Indeed, in the original
GTEx study, one required criterion for detection of eQTL-
containing genes is a permutation p-value obtained from 10,000
permutations32. This exempliﬁes the need for a fast and accurate
permutation testing procedure.
In addition, we performed a heritability study over the same
data, where now the set of tested markers includes the entire
genome. We still observed p-value discrepancies, when permuta-
tion p-values did not detect signiﬁcantly heritable expression
proﬁles, while parametric p-values did. Further analysis showed
that all proﬁles with signiﬁcant parametric p-values obtained a
heritability estimate of h^2 ¼ 1 (Supplementary Figure 3). In such
a case, the assumed LRT statistic distribution (see Methods) does
not handle the maximal boundary estimate correctly. In studies of
small sample sizes, such boundary estimates are likely to occur33,
so such discrepancies are expected. This presents another
scenario where parametric p-values are not calibrated.
Reasons for p-value discrepancy. We proceeded to analyze
possible underlying reasons for p-value discrepancies. The ana-
lysis is given in Supplementary Note 1, and is summarized here.
First, we showed that the permutation test is equally powerful to
the parametric test under the LMM (Supplementary Figure 4), so
that power differences do not explain the discrepancy. Second, we
applied quantile normalization (QN) as a preprocessing step
before calculating p-values, ﬁnding that it did not eliminate the
discrepancies, and introduced a potential power loss (Fig. 3).
Third, we considered an extended family of distribution as an
alternative to the assumed distribution of the LRT statistic16, but
it failed to substantially alter the results. Fourth, we veriﬁed that
sites with p-value discrepancies are not limited to those with a
multimodal behavior. To this end, we excluded from the analysis
both sites whose probes are known to contain SNPs (and are thus
expected to be multimodal), as well as sites empirically showing a
multimodal behavior. However, p-value discrepancies remained.
Fifth, we examined whether this discrepancy exists when using
the score test instead of the LR test. We note that using the SKAT
method30 to calculate p-values, we found that it generated sig-
niﬁcantly deﬂated p-values throughout the dataset, indicating that
the statistic distribution is not calibrated34,35. Using RL-SKAT35
Table 1 Summary of p-value discrepancies
Non-signiﬁcant (GCTA) Signiﬁcant (GCTA)
Non-signiﬁcant (Perm.) 427,796 1667
Signiﬁcant (Perm.) 81 1822
The p-values for heritability of 431,366 methylation sites, as calculated by either GCTA (using the parametric approach) or the permutation test, are shown. Sites are considered signiﬁcant if their
p–values are below a Bonferroni threshold of 10−7
0 10−3 10−2 10−1 1
10−20
10−18
10−16
10−14
10−12
10−10
10−8
10−6
10−4
10−4
10−2
1
p -value, from 10,000 permutations (with CIs)
p-
va
lu
e,
fro
m
th
e
pa
ra
m
et
ric
te
st
(G
CT
A)
Fig. 2 Discrepancy in p-values in a cis-eQTL study. p-values from 10,000
permutations, compared to GCTA p-values assuming asymptotics (in log
scale). Evaluated on 22,171 gene expression proﬁles in whole-blood
samples, from the GTEx dataset, with 338 individuals. Sites with h^2 ¼ 0
(8604 proﬁles) omitted for clarity of presentation, with 99.995% CIs.
Parametric p-values are often smaller than the exact p-values obtained by
the permutation test, frequently by several orders of magnitude, resulting in
many false positives
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Fig. 3 Discrepancy in p-values, with quantile normalization. p-values after
quantile normalization, from 10,000 permutations, compared to GCTA p-
values assuming asymptotics (in log scale). Parametric p-values show large
discrepancies compared to the exact p-values obtained by the permutation
test, frequently by several orders of magnitude, resulting in many false
positives and negatives
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to calculate calibrated p-values, we observed the same dis-
crepancies (Supplementary Figure 5). Finally, we performed a
simulation study, where non-heritable phenotypes were generated
from a non-normal, heavy-tailed marginal distribution per entry.
These phenotypes showed parametric p-value miscalibration,
while permutation p-values remained calibrated.
We conclude that model mis-speciﬁcation is the probable
reason for such large discrepancies, which further motivates the
use of the permutation test. We ﬁnd that if the LMM is a suitable
model for the data at hand, then both the parametric and the
permutation tests have similar power. In the case where the LMM
is not suitable, the parametric test breaks while the permutation
test remains calibrated under much weaker assumptions. There-
fore, from a statistical perspective, the permutation test is
superior in the context of testing for heritability as deﬁned by
the LMM.
Speeding up the evaluation step per permutation. Running time
is a major obstacle to performing permutation tests. First, for each
permutation, ﬁnding the heritability estimate of the permuted
phenotype is a computationally intensive task. Second, in order to
accurately estimate small p-values, we would need to draw many
permutations. In our proposed method, FEATHER (Fast pEr-
mutAtion Testing HERitability), we address these two con-
siderations in turn, beginning with the task of speeding up the
evaluation performed for each random permutation.
For each permuted phenotype, the naive permutation test
estimates its heritability and compares it to the heritability of the
unpermuted phenotype, denoted H2. However, we are not in fact
interested in the estimated heritability value of the permuted
phenotype, but rather only if it is smaller or larger than that of the
unpermuted phenotype. Recall that REML obtains the heritability
estimate which maximizes the (restricted) likelihood of the
permuted phenotype as a function of the suggested heritability
value. Consider the derivative of the likelihood function at the
point H2. Assuming the likelihood function is well behaved, this
derivative points us to the direction of the maximum: If the
derivative is positive, then the maximum is obtained at a value
larger than H2, and conversely if it is negative (see Supplementary
Figure 6 for an illustration). Therefore, a faster approach is to
simply examine the derivative of the likelihood function, rather
than trying to ﬁnd its maximum. We validated the assumption
that the likelihood function is well behaved in practice with
extensive simulations of real and permuted phenotypes (Supple-
mentary Note 2).
Additionally, in our previous work33 it was shown that given
the eigendecomposition of the kinship matrix, the derivative of
the likelihood function can be calculated in O(n2) time. More-
over, the core of the computation is a single matrix-by-vector
product, an operation enjoying an efﬁcient implementation in
existing software and hardware36, and thus a small constant
factor (see Methods). The savings in computation complexity
depend on the heritability estimation algorithm used in the naive
approach. For example, when using the AI or the EM algorithms,
as in GCTA29, the computational complexity is O(n3), which
gives our approach a speed up factor of O(n). With approaches
that utilize the eigendecomposition, such as pylmm37 or FaST-
LMM38, the asymptotic complexity is the same; However, we still
get a signiﬁcant empirical speed up as a result of avoiding many
evaluations of the likelihood functions. In practice, on the KORA
dataset, we observed a speed up of four orders of magnitudes per
permutation of the derivative-based approach compared to full
estimation using the widely used GCTA tool, and an order of
magnitude improvement compared to FaST-LMM (Table 2).
Reducing the number of sampled permutations with SAMC. A
major computational hurdle of permutation testing is the
potentially large number of random permutations that need to be
used in order to estimate small p-values accurately. To cope with
this computational burden, we use an efﬁcient p-value evaluation
procedure based on the Stochastic Approximation Markov Chain
Monte Carlo (SAMC) algorithm26,27. We give an overview of the
method and its properties here. For the full description, see
Supplementary Note 4.
In the context of heritability testing, we utilize SAMC as
follows. Given an estimate H2, we want to calculate its p-value,
i.e., the probability a randomly permuted phenotype obtains a
higher heritability estimate. We divide the interval [0,1] to D + 1
intervals, where the interval [0,H2] is divided into D equally sized
intervals, and [H2,1] is an additional interval. This induces a
partitioning of the permutation space to D + 1 subsets. Each
subset is the set of permutations of the phenotype for which the
estimated heritability value falls in the corresponding interval.
Then, the p-value is exactly the size of the subset corresponding to
[H2,1], divided by n!, the number of permutations of size n.
The SAMC algorithm estimates the size (i.e., probability) of
each subset in the partition. Starting with an arbitrary initial
permutation, each SAMC iteration consists of two steps: (1)
Given the current random permutation, sample a new random
permutation according to a certain target distribution, using the
Metropolis-Hastings (MH) sampling algorithm; (2) Given the
subset in which the new permutation falls, update the partition
probability estimates, and the target distribution of step 1. The
update rule for subset probability estimates follows the stochastic
approximation algorithm39, which ensures that the estimates can
be improved continuously as the simulation goes on. Importantly,
the number of random permutations required for convergence is
much smaller than the estimated p-value.
Additionally, in order to determine in which subset a
permutation falls, we need not calculate the heritability estimate
Table 2 Benchmarks
Algorithm GCTA pylmm FaST-LMM FEATHER (Deriv. Based) FEATHER (SAMC)
No. of perm. used p= 10−4 106 106 106 106 106
Total time used p= 10−4 >8 months ∼1.8 days ∼13 h ∼23min ∼16 min
No. of perm. used p= 10−7 109 109 109 109 106
Total time used p= 10−7 >4 years ∼1.4 years ∼16 days ∼16 min
No. of perm. used p= 10−9 1011 1011 1011 1011 106
Total time used p= 10−9 >4 years ∼16 min
The running time of permutation tests, as calculated by GCTA29, pylmm37 and FaST-LMM38 (performing full estimation for each permutation), vs. the derivative-based approach, with and without
SAMC, on a single site from the KORA dataset, with 1799 individuals. Benchmarks are shown for the cases where the true p-value is 10−4, 10−7, or 10−9. The number of permutations required for the
non-SAMC methods is assumed to be p/100 (see Methods). For these p-values, SAMC converged after 106 permutations (see Results). Per permutation, the derivative-based approaches have a speed
up of two orders of magnitude compared to the best full estimation permutation test program. The usage of SAMC for small p-values introduces an additional speed up of up to 6 orders of magnitude.
Expected computation times for several sites are multiplied by the number of examined sites
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of the respective permuted phenotype. Instead, we can check the
derivatives at the endpoints of the interval. If the derivative is
positive at the left endpoint and negative at the right endpoint,
then we know a maximum exists within that interval. Using the
derivative allows us to avoid the heritability estimation step, as
before. When the algorithm converges, its estimate for the last
subset will be our estimate of the p-value.
Analysis of the performance of SAMC. We implemented both
the simple and SAMC derivative-based permutation testing, as an
efﬁcient, multi-threaded C++ program. The fact that only few of
the values of the random permutation change between successive
iterations allows SAMC to be faster than the standard permuta-
tion testing, per permutation (see Table 2).
SAMC has several parameters that need to be tuned for a
successful application. The most important of which are the
number of intervals, D; the number of iterations, N; and an
additional parameter, t0, that corresponds to the number of
iterations after which the estimation will begin converging more
rapidly. As described in Supplementary Note 4, we chose t0=
1,000 and N= 1,000,000 as suitable parameters. Here and
throughout the rest of the paper, we used D= 50 intervals.
In Fig. 4 we show the SAMC p-value estimates, compared to
those from a standard permutation testing with 10,000 permuta-
tions, across all methylation sites in chromosome 22. To further
validate the accuracy of SAMC on smaller p-values, we ran SAMC
on the sites which GCTA deemed signiﬁcant, as described above.
Again, SAMC appears to give accurate estimates, also for small p-
values, where such accuracy is more important in practical
applications, as shown in Supplementary Figure 7. Finally, we
chose sites with particularly small p-values, and compared their
parametric p-values to those by the permutation test with 109
permutations, and with the p-values estimated by SAMC. In
Table 3, we show 10 sites with permutation p-values larger than 0,
which enable us to informatively examine the calibration of
SAMC. The results suggest that SAMC continues to give accurate
permutation p-value estimates, as far as it was possible for us to
assess.
While SAMC is guaranteed to converge27, there are no
theoretical guarantees of the speed of convergence. In practice,
we have observed that the number of required permutations is
signiﬁcantly reduced, with 2-to-5 orders of magnitude. This is in
line with previous applications of SAMC26. In summary, the
derivative-based approach gives a speed up improvement of at
least two orders of magnitude over full estimation approaches;
additionally, for small p-values, the SAMC approach may
improve by up to another six orders of magnitude. These
improvements allow testing for heritability without the assump-
tion of a parametric model, in a feasible time.
Discussion
In this work, we have discussed the merits of permutation testing
for heritability, compared with parametric methods. We have
presented two ways to accelerate permutation testing: First, using
the derivative of the likelihood function in order to avoid ﬁnding
the maximum likelihood estimator; and second, using SAMC to
substantially reduce the required number of permutations. We
have shown that with these modiﬁcations, the running time
decreases by several orders of magnitude.
SAMC requires using a minimal number of permutations
before convergence. Therefore, given a large set of phenotypes for
which we wish to test for heritability, we suggest the following
scheme. First, perform simple (non-SAMC) permutation testing
with a small (e.g., 100) number of permutations. Filter out all sites
whose permutation p-value was too large, e.g., for which the lower
end of a one-sided binomial or Poisson conﬁdence interval is
larger that the threshold p-value indicating signiﬁcance. Continue
with this gradual ﬁltering, increasing the number of permutations
in each round. Once reaching N large enough for SAMC con-
vergence (calibrated as described above), switch to SAMC for
estimating the p-value for the remaining sites.
One advantage of the permutation approach is that it allows
using certain statistics while overlooking otherwise important
methodological caveats. For example, it is known that using the
REML estimator for ascertained case-control studies leads to
incorrect estimates40. However, under the mild conditions con-
sidered here, the probability of false positives will remain cali-
brated, although the test may be underpowered. Indeed, any
statistic that captures a correspondence between a phenotype and
genetics will be suitable here.
We note that our use of SAMC is also independent of our
choice of the REML estimator as the statistic. Indeed, any other
statistic, for which it is possible to determine in which region of a
partition the statistic of a permuted phenotype falls, can be used.
Natural candidates are the score test statistic30, or the PCGC
regression40 statistic.
One critical issue that is not covered by our current approach is
the limitation to one variance component. Many applications
currently use LMMs using multiple variance components, speci-
ﬁcally by dividing the genome into regions and constructing a
variance component from each region. In those cases, the con-
tribution of each variance component is then estimated or tested
for being signiﬁcant. Estimating multiple variance components
with REML is computationally intensive, and the derivative does
not appear to lend itself to a simple analytical expression as in the
single variance component case. However, as PCGC regression
provides an alternative, faster estimation method, using its sta-
tistic is a particularly attractive avenue of research in the context
of multiple variance components.
Typically, a preliminary step in heritability estimation is the
eigendecomposition of the kinship matrix. This procedure is not
very efﬁcient, as it is cubic in the number of individuals, and may
therefore be too computationally inefﬁcient for large datasets that
include many individuals. Recently, it has been suggested to use
conjugate gradient methods in order to estimate heritability41,
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Fig. 4 Performance of SAMC. p-values from 10,000 permutations,
compared to SAMC p-values with t0= 1,000 and 1,000,000 permutations
(in log scale). Evaluated on 7989 methylation sites on chromosome 22,
from the KORA dataset. Sites with h^2 ¼ 0 (3,779 sites), omitted for clarity
of presentation, showing a total of 4210 sites, with 99.95% CIs shown.
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thus avoiding the cubic complexity. A natural extension of our
proposed method is to derive a procedure that calculates the
derivative of the restricted likelihood function using conjugate
gradient methods. Such a procedure could result in a quadratic
complexity, as it avoids the eigendecomposition.
One disadvantage of SAMC is that, unlike the simple permu-
tation test, it has to be run sequentially. However, it is possible to
run multiple shorter chains simultaneously, each with a less strict
convergence criteria, and then to aggregate the results in order to
obtain a more accurate estimate26. Preliminary results appear
encouraging, but a more thorough study of this tradeoff remains a
direction for future research, as well as other variants of SAMC42.
Finally, the ideas presented here can be readily extended to the
testing of genetic correlations, which determine if there is evi-
dence that two phenotypes have common underlying genetic
drivers (e.g., two diseases or two gene expression proﬁles)43.
Methods
For clarity of presentation, we begin by deﬁning the heritability under the LMM.
We then introduce our improved method for fast permutation testing for herit-
ability, while reviewing relevant results from the ALBI method33 and the SAMC
algorithm.
The linear mixed model. We ﬁrst present the standard variance components
model44. Let n be the number of individuals (or observations, in general) and let y
be a n × 1 vector of phenotype measurements for each individual. Let X be a n × p
matrix of p covariates, associated with ﬁxed effects (possibly including an intercept
vector 1n as a ﬁrst column, as well as other covariates, such as, sex, age, etc.). Let β
be a p × 1 vector of ﬁxed effects. Let Z be a n ×m standardized (i.e., columns have
zero mean and unit variance) genotype matrix containing the m SNPs we test.
Finally, let K be a kinship matrix, which can be taken to be any symmetric positive-
deﬁnite matrix that encodes similarity between individuals, using any biomarkers,
e.g., a set of SNPs. A standard choice for K is a weighted dot product12; formally,
deﬁne K= ZWZT, where W is a non-negative m ×m diagonal matrix assigning a
weight per SNP (e.g., Wi,i= 1/m, see30 for a discussion).
Then, y is assumed to follow:
y  N Xβ; σ2gKþ σ2e In
 
; ð1Þ
The ﬁxed effects β and the coefﬁcients σ2g and σ
2
e are the parameters of the
model.
The narrow-sense heritability due to genotyped common SNPs is deﬁned as the
proportion of total variance explained by a genetic component45:
h2 ¼ σ
2
g
σ2g þ σ2e
:
Deﬁning σ2p ¼ σ2g þ σ2e , Equation (1) becomes:
y  N Xβ; σ2pVh2
 
:where Vh2 ¼ h2Kþ ð1 h2ÞIn .
Estimation and testing of heritability with REML. The most common way of
estimating h2 is REML estimation. REML consists of maximizing the likelihood
function associated with the projection of the phenotype onto the subspace
orthogonal to that of the ﬁxed effects of the model46. The logarithm of the REML
function is, up to additive and multiplicative constants:
‘REMLðy; h2; σ2p; βÞ /
 ðn pÞlogσ2p  logjVh2 j  logjXTV1h2 Xj 
ðy  XβÞTV1h2 ðy  XβÞ
σ2p
;
In practice, often some of the eigenvalues of K are zero or near-zero. This
occurs, for example, when K is constructed from a mean-centered Z, in which case
the constant vector 1 would be an eigenvector with the eigenvalue 0. Another
example is when Z has fewer SNPs than samples, in which case K will be low rank.
When this is the case, the likelihood at h2= 1 may be undeﬁned or prone to
numerical instability. To avoid this, we project both the phenotype and covariates
to the subspace spanned by eigenvectors corresponding to nonzero eigenvalues. Let
U be the matrix whose columns are the eigenvectors of K, and let di be the
eigenvalues of K, for i= 1,…,n. If there are z eigenvalues larger than a sufﬁciently
small threshold, denote by Uz the matrix with the ﬁrst z eigenvectors. Effectively,
this amounts to replacing Vh2 in ‘REML with U
T
z Vh2Uz .
The common way to test for the statistical signiﬁcance of a nonzero heritability
value is using the generalized restricted likelihood ratio test statistic
Λ ¼
max
h2; σ2p; β
LREML y; h2; σ2p; β
 
max
σ2p; β
LREML y; 0; σ2p; β
  ;
where ‘REML ¼ logLREML. Asymptotically, we have the distribution
2logΛ 0:5  χ20 þ 0:5  χ21
where χ21 is the chi-square distribution with 1 degree of freedom, and χ
2
0 is the
constant distribution of the constant zero47,48.
Permutation testing for heritability. Monte Carlo permutation testing: The p-
value of the full permutation test is calculated by enumerating over all permuta-
tions to calculate
pperm ¼
1
n!
π 2 Sn; j h^2ðπðyÞÞ  h^2ðyÞ
n o 
where π(y) is the application of the permutation π on the phenotype y, and Sn is
the set of all permutations of n elements. This is an exact test—that is, under a null
hypothesis invariant to permutations, pperm is distributed uniformly. However,
since the number of permutations, n!, is huge, the common approach is to employ
a Monte Carlo approximation. In detail, let π1,…,πN be N random permutations of
n elements; the p-value of the test is:
pMC ¼
1
N
πt j h^2ðπtðyÞÞ  h^2ðyÞ
n o 
The p-value pMC is an approximation of the required p-value pperm. Moreover,
since each permutation was chosen randomly and with replacement, pMC can be
seen as the result of a binomial experiment. Therefore, we can calculate accurate
conﬁdence intervals for pperm given pMC, e.g., using the Cloppe–Pearson method49.
Table 3 Performance of SAMC on extreme p-values
Site Parametric p-value Perm. p-value CI SAMC, N= 105 SAMC, N= 106
cg00123214 2.601 ⋅ 10−08 12 ⋅ 10−09 (6.201, 20.962) ⋅ 10−09 6.301 ⋅ 10−09 13.71 ⋅ 10−09
cg00044796 3.779 ⋅ 10−13 4 ⋅ 10−09 (1.090, 10.242) ⋅ 10−09 6.092 ⋅ 10−09 5.065 ⋅ 10−09
cg01821635 3.941 ⋅ 10−18 2 ⋅ 10−09 (0.242, 7.225) ⋅ 10−09 4.500 ⋅ 10−09 6.504 ⋅ 10−09
cg06784218 5.756 ⋅ 10−21 4 ⋅ 10−09 (1.090, 10.242) ⋅ 10−09 2.327 ⋅ 10−09 6.484 ⋅ 10−09
cg08963013 4.625 ⋅ 10−26 6 ⋅ 10−09 (2.202, 13.059) ⋅ 10−09 3.339 ⋅ 10−09 5.460 ⋅ 10−09
cg14252149 5.005 ⋅ 10−34 4 ⋅ 10−09 (1.090, 10.242) ⋅ 10−09 3.358 ⋅ 10−09 5.131 ⋅ 10−09
cg00071950 5.678 ⋅ 10−36 5 ⋅ 10−09 (1.623, 11.668) ⋅ 10−09 8.149 ⋅ 10−09 7.440 ⋅ 10−09
cg02002194 9.238 ⋅ 10−42 4 ⋅ 10−09 (1.090, 10.242) ⋅ 10−09 6.420 ⋅ 10−09 7.501 ⋅ 10−09
cg11266682 1.873 ⋅ 10−46 7 ⋅ 10−09 (2.814, 14.423) ⋅ 10−09 12.62 ⋅ 10−09 6.251 ⋅ 10−09
cg15296535 8.427 ⋅ 10−51 9 ⋅ 10−09 (4.115, 17.085) ⋅ 10−09 6.839 ⋅ 10−09 9.045 ⋅ 10−09
For 10 selected sites, we show the parametric p-value, as calculated by GCTA; the permutation p-value, as calculated by 109 permutations, and the CIs implied by it; and the p-values estimated by SAMC,
using N= 105 or N= 106 permutations (with t0= 1000). SAMC estimates, even for N= 105, appear accurate for all sites, as they lie within the CI calculated from the permutation test
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Covariates: If there are no covariates, or the only covariate is the constant vector
(i.e., X= 1n), then the permutation test does not require taking covariates into
consideration. In the general case, we apply the same permutation on each
covariate vector as we do on the phenotype. We note that the permutation
approach requires exchangeability of the residuals, which are not observed in
general in presence of non-constant covariates in the model. However, we veriﬁed
in simulations that the test remains exact or approximately exact under various
settings; this is theoretically supported in recent works on permutation tests in
linear regression50–52. See Supplementary Note 3 for an extended discussion.
Speeding up evaluation by using the likelihood derivative. The naive calcula-
tion above requires, for each permuted phenotype πt(y), the estimation of its
heritability using REML, h^2ðπtðyÞÞ. However, instead of explicitly calculating
h^2ðπðyÞÞ, we are only interested whether h^2ðπðyÞÞ  H2, where H2 ¼ h^2ðyÞ, the
heritability estimate of the unpermuted phenotype.
In33, it is shown that when X= 1n, checking if h^2ðπðyÞÞ  H2 can equivalently
be performed by computing u=UTπ(y), and checking ifXn
i¼1
ξH
2
i u
2
i >0; ð2Þ
where
ξH
2
i ¼
1
H2ðdi  1Þ þ 1
di  1
H2ðdi  1Þ þ 1
 1
n 1
Xn1
j¼1
dj  1
H2ðdj  1Þ þ 1
 !
; for i ¼ 1; :::; n 1;
and ξH
2
n ¼ 0. The sign of the expression in Eq. (2) is equal to the sign of ∂‘REML∂h2 ðH2Þ,
the derivative of ‘REML at the point H
2. Therefore, assuming the restricted
likelihood function is well behaved, a positive derivative indicates that the REML
heritability estimate is larger than H2. Similar expressions are deﬁned for a general
X in33.
Therefore, once the eigendecomposition of K is obtained, calculating pMC may
be performed in a time complexity quadratic in n:
1. Given y and its heritability estimate H2, calculate ξH
2
i (complexity: O(n)).
2. Draw π1,…,πN 2 Sn (complexity: O(nN)).
3. For t= 1,…,N:
(a) Calculate ut=UTπt(y) (complexity: O(n2)).
(b) Let bt= 1 if
Pn
i¼1 ξ
H2
i ðutÞ2i  0 and bt= 0 otherwise (complexity: O(n)).
4. Return p ¼ 1N
PN
t¼1 bt (complexity: O(N)).
The total complexity is O(n2N). For a general covariate matrix X, the only
change will be in the condition checked in step (b), whose complexity is O(np2 +
p3) instead of O(n), resulting in a ﬁnal complexity of O((n2 + np2 + p3)N), as
detailed in33.
Reducing the number of sampled permutations using SAMC. To cope with the
major computational hurdle of permutation testing, we use an efﬁcient p-value
evaluation procedure based on the Stochastic Approximation Markov Chain
Monte Carlo (SAMC) algorithm26,27. A description of the SAMC algorithm and its
tuning is given in Supplementary Note 4.
In summary, let the proposal distribution q(πt, τ) deﬁne the probability of
choosing a new permutation τ, given that the current permutation is πt. Let
ei ¼ 0; ¼ ; 0; 1|{z}
i
; 0; ¼ ; 0
0
@
1
A. Let D + 1 be the number of intervals in the
partitioning of [0,1]. For a permutation π∈Sn, let J(π) be the index of the interval in
which h^2ðπðyÞÞ falls. Let θðtÞ1 ¼ ; θðtÞDþ1 be the logarithm of our current estimates of
partition sizes, up to a multiplicative (in log scale, additive) constant. The algorithm
is:
1. Initialize a uniform estimate, θðtÞ1 ¼ ¼ ;¼ θðtÞDþ1 ¼ 0.
2. Choose a random initial permutation π1.
3. For t= 1,…,T (or until convergence):
(a) Simulate a sample πt + 1 by a single Metropolis-Hastings update, as follows:
i. Generate τ according to the proposal distribution q(πt,τ).
ii. Calculate the ratio r ¼ exp θðtÞJðπt Þ  θ
ðtÞ
JðτÞ
 
 qðτ; πtÞ=qðπt ; τÞ
iii. Accept the proposed move with a probability of min (1, r). If accepted, set πt
+1= τ. Otherwise, set πt+1= πt.
(b) Update the estimates: For i= 1,…,D + 1, set
θðtþ1Þi ¼ θðtÞi þ γðtÞ eJðπtþ1Þ  1Dþ1 ; ¼ ; 1Dþ1
  
, where γ(t) is called the gain
factor and is deﬁned as γ(t)= t0/max(t0, t).
4. Return expðθðtÞDþ1Þ=
PDþ1
i¼1 expðθðtÞi Þ.
The KORA dataset. The KORA project studies n= 1799 individuals from the
general population living in the region of Augsburg, southern Germany53. The
measured phenotype is the proportion of methylated samples at a speciﬁc site,
averaged across DNA samples of an individual. We used whole-blood samples of
the KORA F4 study, as described elsewhere54. Brieﬂy, DNA methylation levels were
collected using the Inﬁnium HumanMethylation450K BeadChip array (Illumina).
Beta Mixture Quantile (BMIQ)55 normalization was applied to the methylation
levels. Further processing was performed as in ref.56; brieﬂy, genotyping was
performed with the Affymetrix 6.0 SNP Array (534,174 SNP markers after quality
control), with further imputation using HapMap2 as a reference panel. A total of
657,103 probes remained for the analysis. In summary, a total of 431,366 methy-
lation site phenotypes, and 657,103 SNPs, were available for analysis. Covariates
used in this study are age, sex, and smoking status.
The GTEx dataset. The Genotype-Tissue Expression (GTEx)52 Project is a US
National Institutes of Health (NIH) Common Fund project that aims to collect a
comprehensive set of tissues from 900 deceased donors (for a total of about
20,000 samples) and to provide the scientiﬁc community with a database of genetic
associations with molecular traits such as mRNA levels. We used 22,171 gene
expression proﬁles obtained from whole-blood samples of 338 individuals, as
preprocessed and using the same covariates as described in32.
Benchmarks. We used GCTA version 1.2629 and pylmm57. We used the C++
implementation of FaST-LMM, FastLmmC v2.07.2014072338 and calculated the
kinship matrix and its eigendecomposition in advance using the -eigen ﬂag. We
only considered the GWAS analysis but not the data loading time, as reported by
FaST-LMM.
Code Availability. FEATHER is available at https://github.com/cozygene/feather.
Data availability
The informed consents given by the KORA study participants do not cover data
posting in public databases. However, data are available upon request from KORA-
gen (http://www.helmholtz-muenchen.de/kora-gen). Data requests can be sub-
mitted online and are subject to approval by the Steering Committee of the
Research Network for Community Medicine (for SHIP data) and the KORA Board.
All other relevant data are available upon request.
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